Let V be a left vector space over the arbitrary division ring D and G a locally nilpotent group of finitary automorphisms of
Introduction
Throughout this paper D denotes a division ring, ] we showed that irreducible locally nilpotent subgroups of FGL(V) for V infinite-dimensional over D, for D any division ring, are rather special, especially if the group is also torsion-free. Here we follow up this theme by showing that these finitary skew linear groups are really very rare indeed. (In [13] we also considered these groups, but only for certain restricted division rings.)
Is every subgroup X of the group G in the Corollary completely reducible? Note that the F-subalgebra of End D V generated by such an X is semiprime by ([12, 2.7d and 2.9b]), or see it directly. There do exist locally nilpotent (even abelian) skew linear groups that are not completely reducible, but all of whose finitely generated subgroups are completely reducible, see [7, 1.1.8] . Such groups necessarily generate semiprime algebras over the centres of the ground division rings. The question is, can one of these groups lie in a locally nilpotent completely reducible skew linear group?
Apart from the proof of the above theorem we give a number of examples. First we show that groups G as in the Theorem do exist; that is, we give examples of irreducible, locally nilpotent finitary skew linear groups of infinite dimension. Such groups are periodic (by the Theorem) and cannot be nilpotent or even hypercentral, indeed they have zero central height. It follows from the Theorem that an irreducible torsion-free locally nilpotent finitary skew linear group G must be finite-dimensional. If also D is a field (more generally if D is either locally finite-dimensional as a ring or special in the sense of [13] , see ([13, 1.3d and 1.4d]) then G is even abelian. Thus secondly we give examples of irreducible torsion-free nilpotent skew linear groups of arbitrary positive dimension and arbitrary positive nilpotency class.
Finally we give examples to show that the Suprunenko-Tyskevic Theorem ( [8, 7 .15]) does not extend from linear to skew linear groups in general (see the preamble to 17, below for the details). This arises during the proof of the theorem above, since if the Suprunenko-Tyskevic Theorem did extend it would have been useful at one point. It is known to extend to some skew linear situations, see [10, 2.5]. In connection with the Theorem note that not every locally nilpotent irreducible skew linear group is isomorphic to a finitary linear group. Indeed by Section 7 of [13] there exists a locally nilpotent subgroup of a division ring, locally finite-dimensional over its centre, that is not isomorphic to a finitary linear group over any field.
The following proposition concerning locally nilpotent skew linear groups may be of independent interest. Here it arises as a by-product of the proof of the theorem. This lemma we use as a weak substitute for an extension of the Suprunenko-Tyskevic Theorem. It is also a weak version of the Corollary to the Theorem. Then the D-X series {0} ^ U< W^ V and have isomorphic refinements. Thus, either W/U is isomorphic to some D-X factor of some V t for l^i^r , or, W/U is X-trivial, there exists V { for i not in the range l^i^r and W^/l/ is isomorphic to some D-X submodule of this V t . In either case we may assume that V = V{, that is, we may assume that G is irreducible.
Since X is finitely generated and finitary V = V x © C as D-.Y module, where dim D K x is finite and C is Z-trivial (see [11, §1] ). Let / be a D -X composition factor of K If / is involved in C, then / is D-X isomorphic to Dc for any c # 0 in C. Hence assume that / is involved in V x . Pick D-X submodules U<W of V x with W/U isomorphic to / and dim D W^minimal. We need to prove that t/ = {0}, so assume otherwise .
Since G is irreducible UG=V. Hence there is a finitely generated subgroup Proof. The group G contains a torsion-free normal subgroup T of finite index. Then NnT is non-trivial and normal in G. Hence (NnT)nCi (G) is non-trivial, and necessarily torsion-free. Any of its non-trivial elements has infinite order and lies in Let X be a finitely generated subgroup of G containing g. Suppose g has finite order on each D-X composition factor of V. By finitariness V has only a finite number of isomorphism types of D-X composition factors. Hence some positive power of g is unipotent. Since every subgroup of X, and in particular <g>, is subnormal in X, it follows that the unipotent radical u(X) of X is not <1>, see [9, 2.5] . But by l.l(b) of [12] the F-subalgebra F[X] of End D F generated by X is semiprime and yet u(X)-\ generates a nilpotent ideal of F[X] by [11, 2.1d] . Therefore g has infinite order on some D-X composition factor of V. Hence by 1. above there is some irreducible D-X submodule of V upon which g has inifinite order.
Let V x denote the sum of all the irreducible D-X submodules W of V upon which g has infinite order. Assume that Lemma 4 holds for finitely generated nilpotent groups G. Then Now suppose that Y is any finitely generated subgroup of G containing X. Then X is subnormal in Y. A simple induction on the subnormal depth of X in Y yields that again F y =K x . In particular V X Y^V X for every such Y. Consequently V X G^V X and the irreducibility of G yields that V x = V. Therefore V= V x <.[V,g~]-^ V, and the proof will be complete.
We have now reduced the problem to the case where G is irreducible, finitely generated and nilpotent. In particular dim D V is now finite. We induct on the nilpotency class of G. If G is abelian and x is a non-trivial element of G then 
Lemma 5. Let G be a non-trivial locally nilpotent, homogeneous subgroup of GL(n, D). Then G contains an element g with
Proof. By [9, 8b] there is a non-trivial finitely generated subgroup X of G, there called a local marker, that is homogeneous. Since X is also nilpotent, the centre of X contains a non-trivial element g. Let W be an irreducible D-X submodule of V. Since X is homogeneous, X acts faithfully on W. Hence [W^g]#{0} and clearly [W,g~\ is also a D-X submodule of W. Consequently [W^g] = W. Again since X is homogeneous we have = V, and therefore also that C y (g) = {0}.
Lemma 6. Let G = PQ be an irreducible subgroup of FGL(V), where P and Q are non-trivial subgroups of G satisfying
Proof. Let x be a non-trivial element of Q. Then [V,x] is non-zero, finitedimensional and normalized by P. Thus [Kx]Q = [K*]G = V and so V is generated by finite-dimensional D-P submodules, for example the [V,x\y iox y in Q. In the same way V is generated by finite-dimensional D-Q submodules. Therefore K = [Kx]Q is finite dimensional.
The proof of the Theorem
As we noted above, Lemma 4 implies that the group G of the theorem is locally finite. Also, being locally nilpotent, G is a direct product of its Sylow subgroups. Thus G is, by Lemma 6 above, a q-group for some prime q. GL{V x ) , the base group of G, for each geG, and hence G is a subgroup of G. Clearly, since Q is countable, GnB has an ascending series of length X o with factors isomorphic to q-subgroups of GL{W). These factors are therefore countable by [7, 2. Proof. If charD=p>0 then u(G) is the set of p-elements of G by [11, 2.1(a)] and well-known results on nilpotent groups. Thus here either charD = 0 and X is a finite group, or charD = p > 0 and X is a finite p'-group. In either case X is completely reducible by 1.1.3 of [7] .
The proof of the Corollary
If dim D V is infinite then G is periodic by the Theorem and satisfies u(G) = <l> by [11, 2.2(d) and 2.1d(i)]. Hence every finitely generated subgroup of G is completely reducible by Lemma 8 above. Now assume that V is finite D-dimensional.
Let X be any finitely generated subgroup of G. By Lemma 8 of [9] there is a finitely generated subgroup Y of G (namely a "local marker") such that every finitely generated subgroup of G containing Y is completely reducible. In particular (X, Y> is completely reducible. But <X, Y> is nilpotent, so X is subnormal in <X, Y> and hence X is also completely reducible by Clifford's Theorem ([17, 1.
1.7]).
Remark 10. In the proof of Lemma 4 above and hence of the Theorem we have used Part (b) of Theorem 1.1 of [12] , but not Part (a). This Part (a) is now an elementary consequence of the Theorem and 7(a) of [9] .
Thus if G is a locally nilpotent, homogeneous subgroup of FGL(V) and F is a central subfield of D, then the Fsubalgebra F[G] of End D V generated by G is a crossed product over the local FC-centre A(G) of G. The analogues of [9, 7(b) & 7(c)] also clearly hold, namely that if G is torsion-free then F[G~] is a crossed product over the centre Ci(G) of G and if G/^iG) is finitely generated then F[G] is a crossed product over the FC-centre A(G).
The first of these follows immediately from the above and the second from [9, 7(c)], since here V is always finite dimensional (even if G is periodic).
Finally in this section we consider possible generalizations of the Corollary to the Theorem. It remains only to prove that G is irreducible. Let U be non-zero D-G submodule of V. Since H is non-trivial and irreducible, the W a are the homogeneous components of V as D-B module and each W a is D-B irreducible. Hence there is some a> in fi with W a £U and then U^ US^ WJS~ V, using, finally, that K is transitive. Therefore G is irreducible.
Lemma 11. Let N be an ascendant subgroup of the subgroup G of GUjiD). Then the D -N socle of V = D M contains the D -G socle of V. In particular if G is completely reducible, then so is N.

Proof. Suppose
N = N 0 -£ N^ •••-5 N x -& ••••« N y = G. Let S a denote the D-N x socle of V.
The examples Lemma 13. Let D be a division ring, W a finite-dimensional left D-space, H a non-trivial irreducible subgroup of GL(W), Q a non-empty set and K a transitive subgroup of FSym(Q). Then H\ a K is isomorphic to an irreducible subgroup of FGL(V) for
Remark 14. Assuming K as in Lemma 13 is non-trivial, the subgroup S of FGL(V) is never irreducible, for with S acting trivially on W, the linear map of V onto W extending the chosen isomorphisms of the W m to W is an S-map and its kernel is a proper D-S submodule of V. If K is locally soluble (e.g. if K is locally nilpotent), then |fi|^X 0 by Theorem 2 of [5] and Example 15. Let q be a prime, F a field with a primitive qth root ( of unity, fi a countable set and K an infinite transitive ^-subgroup of FSym(Q). Then the group G = <Ol«K is isomorphic to a locally nilpotent infinite-dimensional finitary skew linear group.
For G is a locally finite q-group and hence is locally nilpotent and G is isomorphic to an irreducible subgroup of FGL(F (a) ) by Lemma 13. An example of the group K as in Example 15 would be the wreath power of the cyclic group of order q in its regular representation over the set of positive integers, see [6, pp. 18-22] .
Example 16. Let p be zero or a prime and n and c positive integers. Then there exists a torsion-free nilpotent irreducible skew linear group of characteristic p, degree n and class c.
Proof. Suppose E = F(/i) is a finite field extension of the field F of degree n such that h is not a root of unity. Let K be any torsion-free nilpotent group of class c and set D = F(K), the division ring of quotients of the group algebra FK. Choose an F-basis of E. This identifies h with an element of GL(n,F) . Set G = (h,K><^GL(n,D) . Then G = </i> x K is torsion-free and nilpotent of class c.
We have to prove that G is irreducible. Let U be a D-G composition factor of row n-
] is a field, E acts faithfully on U. Hence there is an F-embedding of E into D m * m . By [3, Point 2 (final part)] we have that n = dim F E ^ m. Therefore m = n, U=V and G is irreducible.
We should finish this construction by pointing out that there are many examples of F, E and h as above. For example let F = Q, let h be a root of say X" -2 and E = F(h). [12, Theorem lb] we would only need this conclusion for groups G such that the subalgebra of End D V generated by G over any central subfield of D is semiprime. However, even in these special circumstances, the conclusion is false. Before we give an example we need to present the following technical lemma. Proof. If £ is a field each element 8 of L\<0> has a well-defined support, namely the set of integers i for which a, is involved in 8, and then a simple argument proves Lemma 17. If £ is not commutative it seems we need more care.
Order the free abelian group 4 = <a,:ieZ> lexicographically using aj<a i+i for each i; specifically, in vector notation set a e <a f if for some i we have e,<./i but e, = /} for all j<i. With this ordering let L* = £((/!)) = £((a f :ieZ)) be the division ring of formal sums over well-ordered subsets of A with coefficients in E, cf. [7, 1.4.14 & proof] . Note that L embeds into L* via the obvious embedding of EA in L*. Now each element of L* has a unique expression as a formal sum (possibly over the empty set) and hence we can define a support S(k) for k in L* by jeS(X) if and only if there is a monomial in the a t with the exponent of a } non-zero for which the coefficient (in E) in the formal sum expression for k is non-zero. (In general S(k) could be infinite, but certainly it is finite whenever k lies in L. Also S(n) = 0 for all n e E.)
It is easy to see that the action of g on A preserves the order. Thus the action of g on L extends to one on L* such that S(kg) = {j+l: jeS(k)} for any k in L*. We are given ai 8 = 8 9 + n for some 8eL and neE. Then {i}uS(5)={i}uS(^). Also S(8) is finite; assuming S(8) =£0 let r be its least member and s its greatest member. Then r 4 S(8 9 ), so r = i, and s +1 eS (8 9 )\S (8) , so s + l = i. But r^s < s + l . This contradiction shows that S(8) = 0 and so 8eE. If <5#0 then {i} = S(aj<5) = S(<5 9 ) = 0 , which is also impossible. Consequently 8 = 0 = 8 9 and n = 0. Remark 21. The groups A of Lemma 18 and G* of Example 20 do not lie in any locally nilpotent completely reducible finitary skew linear group over D, for if this were the case the same would apply to the finitely generated subgroups of G* (the group A is already finitely generated). Now Example 20 applies equally well to any finitely generated subgroup of G containing h. Thus 18(d) and 20(d) would yield a contradiction to the Corollary to the Theorem.
Lemma 18. Assume the notation of Lemma 17 and let D = L((g)) be the division ring of skew Laurent series in g over L. Let
